Introduction and the Main Theorems
This note describes an algorithm for determining whether a given polynomial ´Üµ ¾ Ü℄ has a cyclotomic divisor. In particular, the algorithm works well when the number of non-zero terms is small compared to the degree of ´Üµ. This work is based on papers of H. B. Mann [2] and J. H. Conway and A. J. Jones [1] . The specific result we establish is the following. 
as AE tends to infinity.
The constant in the exponent is not best possible. Replacing it by , for example, would not be difficult; we will however not concern ourselves with this issue.
Observe that for fixed AE and bounded coefficients, the algorithm runs in time that is polynomial in ÐÓ Ò. In the case that a cyclotomic factor exists, the algorithm can be made to output a positive integer Ñ for which¨Ñ´Üµ, the Ñth cyclotomic polynomial, divides ´Üµ without affecting the bound given for the running time.
For Ñ a positive integer, let Ñ ¾ Ñ . If Ñ where and are relatively prime positive integers, then it is not difficult to see that É´ Ñ µ É´ µ.
Letting denote Euler's -function, we observe that É´ µ É ℄ ´ µ and É´ Ñ µ É ℄ ´Ñµ ´ µ ´ µ. It follows that É´ Ñ µ É´ µ℄ ´ µ and that¨ ´Üµ is the minimal polynomial for over the field É´ µ. In particular, ½ ¾ ´ µ ½ forms a basis for É´ Ñ µ over É´ µ. We will mainly be interested in the case when is a prime power. 
The inequality in Theorem 3 implies that at least one of the expressions ½ × Ô ´Ò ´Ò µµ is zero. In other words, for some ¾ ½ ¾ and every ¾ ½ ¾ × , we have Ô . Setting Ñ Ò Ô and ¼ Ô , The above is a direct consequence of Theorem 3. Observe that it follows easily from Corollary 2 that if ´Üµ is divisible by a cyclotomic polynomial, then there is a positive integer Ñ such that every prime divisor of Ñ is AE and¨Ñ´Üµ ´Üµ.
The Proof of Theorem 1
We now describe how to determine if a given ´Üµ ¾ Ü℄ has a cyclotomic divisor. Corollary 2 implies that we need only consider the possibility that¨Ñ´Üµ ´Üµ where each prime divisor of Ñ is AE , the number of non-zero terms of ´Üµ. Step B2. Initialize. Let Ä denote a list consisting of one element, namely ´Üµ.
Set

½.
Step To obtain the bound on the running time of the algorithm, we begin by estimating the amount of time needed to check the inequality in Step B1. We view this as being done as follows. Set a variable, say , to be ½. Proof of Theorem 1. We make use of the following algorithm to establish the theorem. Step C1. Determine Relevant Primes. Compute the set È Ô ½ Ô ¾ Ô Ö of all primes AE .
Algorithm C (General Cyclotomic Factor
Step C2. Obtain Exponent Bounds. Compute Ö´Ô µ (defined by (4)) for ½ Ö.
Step ´Üµ. If one such Ñ exists, indicate that ´Üµ has a cyclotomic factor. Otherwise, indicate that ´Üµ has no cyclotomic factor.
Given the algorithm above, we need to justify the correctness of the algorithm and the appropriate running time. Corollary 2 implies that ´Üµ is divisible by a cyclotomic polynomial if and only if¨Ñ´Üµ ´Üµ for some positive integer Ñ such that the complete set of prime divisors of Ñ is an element of É. As indicated after (6), if Ô Ñ, then Ö´Ô µ
. It follows that ´Üµ is divisible by a cyclotomic polynomial if and only if¨Ñ´Üµ ´Üµ for some positive integer Ñ considered in Step C5. Thus, the correctness of the algorithm is justified.
Next, we justify the bound on the running time indicated for the algorithm. The first two steps indicated in the algorithm can be estimated rather poorly without affecting this bound. In Step C1, the primes that are AE are determined. A crude upper bound on the number of binary operations for this step is Ç´AE ¾ µ. as AE (and, hence, Ò) tends to infinity. As this exceeds the bounds obtained for the running times in the previous steps of the algorithm, it also serves as a bound for the order of magnitude of the running time of the entire algorithm, completing the proof.
